ABSTRACT This paper aims to design a controller based on the Total Energy Control System (TECS) method, to solve the attitude trajectory tracking problem for rigid spacecraft. TECS objective is to command the total energy rate using a proportional-integral (PI) controller. The attitude control objective fixes the total energy rate objective. The spacecraft attitude is represented directly in the manifold of the Special Orthogonal Group SO(3). Ultimate boundedness of the closed-loop trajectories is concluded using Lyapunov theory. The second objective of this paper is to test the attitude controller through real-time experiments, employing a testbed based on an underwater prototype with neutral buoyancy that can rotate unrestricted around the three axes.
I. INTRODUCTION
A crucial point in solving the spacecraft attitude control problem is the selection of the attitude representation. The configuration space of the spacecraft attitude is the nonEuclidean set of orthogonal matrices with determinant equal to one, known as the SO(3) Lie group [1] . Thus, it is common, in control design, to use attitude representations such as Euler angles or quaternions. However, since all attitude representations fail to portray the set SO(3) globally and uniquely it is essential to interpret the controller properties in terms of the attitude configuration space SO (3) to avoid the unwinding phenomenon [1] , [2] .
Literature reports solutions to the spacecraft attitude regulation and trajectory tracking control problems using different methodologies and attitude representations. Representing the attitude utilizing Euler angles, the work in [3] makes a comparison between control approaches based on linear control techniques such as proportional-derivative (PD), H 2 , and H ∞ , while reference [4] proposes a proportional-integralderivative (PID) controller as well as a linear quadratic regulator (LQR). Nonlinear control techniques have also been proposed to solve the attitude control problems. For example, sliding mode control [5] , [6] and [7] , backstepping and passivity-based control [8] , adaptive proportional-derivative control [8] and inverse optimal control [9] , representing
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the attitude using quaternions. The attitude representation through the axis-angle is global, but not unique [1] . The axisangle attitude representation has been considered to solve the attitude control problems: in [10] with model predictive control, and in [11] with a high gain cascade controller.
The works in [2] and [1] highlighted the pitfalls on attitude control synthesis when a nonglobal or nonunique attitude representationis employed. Hence, in recent years, attitude controllers synthesized directly on the attitude configuration space have been reported. The work [1] presents a controller for rigid body attitude regulation, while [12] proposes a control for an aerial vehicle where the translational quadrotor controller and the desired yaw angle fix the attitude reference. In both references, almost global asymptotic stability is concluded using Lyapunov theory. An output regulation controller for systems with configuration space in SO(3), is introduced in [13] . It is important to underscore that the work in [14] was the first one that pointed out the significance of taking into account the attitude configuration space. The complementary problem to attitude control, the attitude determination problem, has also been solved directly on SO(3). For instance, solutions to the attitude determination problem are proposed in [15] and [16] , achieving almost-global stability even in the presence of high level of uncertainty in the measurements.
In the eighties, the work in [17] introduced the TECS method to solve the flight angle and aerodynamic velocity regulation problem for the aircraft longitudinal dynamics.
In [17] , TECS control action is interpreted in terms of the kinetic and potential energy management that pilots do when flying a plane. Recently, references [18] and [19] proposed nonlinear versions of TECS, and reference [20] employed the TECS method to solve the trajectory tracking problem for quadrotors. The total energy rate, which is proportional to the time derivative of the Hamiltonian function, is the basis for the synthesis of the TECS controller. The control objective defines the total energy rate reference; then, a proportional-integral control law drives the total energy rate error to zero. TECS may also be formulated using the distribution energy rate, proportional to the time derivative of the Lagrangian function [21] . TECS has been successful in solving regulation and trajectory tracking problems for aerial vehicles; thus, TECS becomes a candidate to address the attitude trajectory tracking problem for rigid spacecraft. To the best of the authors' knowledge, the TECS method has not been employed to solve spacecraft attitude control problems.
A drawback of the reported solutions to attitude control problems is the lack of real-time validation in an experimental platform that allows free motion around the three axes, as in the SPHERES project [22] . This status is due to the reduced availability of experimental platforms to test attitude controllers on Earth. The most used experimental platforms utilize spherical air bearings, as reported in [23] , [24] , and [25] . This kind of platform offers frictionless rotation, around only two axes. To attain free motion around the three axes, a low-cost experimental prototype to test attitude controllers was proposed [26] . The prototype emulates the spacecraft as an underwater vehicle, while the neutral buoyancy constraint of the vehicle mimics the gravity-free conditions. This paper proposes a controller to solve the attitude trajectory tracking problem for rigid spacecraft. The controller is synthesized following the TECS method, and directly on the nonlinear attitude configuration space. A Hamiltonian dynamic model for the spacecraft dynamics is introduced based on the work [27] , while the closed-loop dynamics stability properties are analyzed using Lyapunov stability theory [28] . Real-time results employing an experimental platform based on an underwater vehicle with the neutral buoyancy concept, validate the controller. Four reaction wheels actuate the underwater vehicle, while an attitude heading and reference system (AHRS) measures attitude and rotational velocity. This paper reports two main contributions: the design of an attitude controller using the TECS methodology, and the real-time experimental validation of the resulting controller using an innovative platform that allows unrestricted rotation around the three axes.
The organization of this paper is as follows. Section II introduces the Hamiltonian model for the rigid spacecraft dynamics; Section III presents the control design developments, and details the stability analysis of the closed-loop dynamics; Section IV reports the experimental tests. Finally, in Section V conclusions are drawn. 
II. ROTATIONAL DYNAMIC MODEL
The simplest dynamic model of a spacecraft rotating the Earth considers the rotational motion of a rigid body in a circular orbit about a central larger body [27] . Under this simplification, the effects to consider are the gravity field of the central body and the orbital angular velocity.
This work considers a dynamic spacecraft model described employing the Hamiltonian formalism, as reported in [27] . The dynamic spacecraft model evolves directly in the set SO(3) × R 3 . This dynamic model is obtained as follows. Remark 1: As the experimental platform used in this work is unable to emulate the orbital velocity, in the following, it will be considered equal to zero. As a consequence, the orbital frame is assumed to be an inertial frame.
The spacecraft kinetic and potential energies are expressed as
where ∈ R 3 is the spacecraft angular velocity expressed in body frame, and J ∈ R 3×3 is the spacecraft inertia matrix. Moreover, m is the spacecraft mass, g is the gravity acceleration constant, ρ 0 ∈ R 3 is the vector from the spacecraft geometric center to center of mass, ρ u 0 = ρ 0 /(||ρ 0 ||), || · || is the 2-norm, e 3 = [0 0 1] is a unit vector in the orbital frame, and R ∈ SO(3) is the rotation matrix from the body frame to the inertial frame. The kinetic energy needs to be expressed in terms of the angular momentum to construct the Hamiltonian function. From the Legendre transformation, one has = J , with as the angular momentum. Hence, the spacecraft Hamiltonian function H :
The following differential equations describe the spacecraft Hamiltonian dynamics actuated by a set of four reaction VOLUME 7, 2019 wheels.ṙ
where () ∧ is a map from R 3 to so(3) 1 defined aŝ
and L ∈ R 3×4 is the control input distribution matrix. This paper considers the NASA standard control input configuration reported in [29] . Moreover, the vector u w ∈ R 4 represents the mechanical moment produced by the reaction wheels, and r i is the i-th row of R, this is,
The dynamic model (2) can be expressed in terms of the rotation matrix R as follows. The time derivative of the rows of R has the following form [27] ,
On the other hand, one has
Finally, considering that
The model in (3) partially describes the experimental platform used in this paper; this is, a rigid underwater vehicle with almost neutral buoyancy actuated by four reaction wheels. The effects of the apparent mass due to water displacement and friction are not modeled [30] .
1 so (3) is the Lie-algebra associated with SO(3)
III. CONTROL DESIGN
The control objective is stated as follows. Assume that the spacecraft attitude R and the angular velocity are measurable. Assume that the inertia matrix J is known. Design a control input u ω such that the rotation matrix R tracks a desired time variant rotation matrix R d .
Remark 2: Note that knowledge of J and implies that the angular momentum is measurable. The subsequent developments show how the control objective is achieved, employing the TECS method. The first step in TECS is to define the total energy rate or the distribution energy rate [21] . This paper considers the total energy rate. Note that the time derivative of the Hamiltonian function (1) along the trajectories of the dynamic system (3) can be written as followsḢ
Following the results in [17] , [18] , and [21] , the total energy rate H e ∈ R 3 is identified, from (4), as
Replacing the time derivative of the angular momentum, from (3) into (5), it follows that
TECS control objective is to drive H e to its desired reference, in such a way that the control objective is satisfied. The attitude control objective needs to be expressed mathematically, to define the total energy rate reference. Consider that there exist R d ∈ SO(3) and d ∈ R 3 such thaṫ
Remark 3: Equation (6) characterizes the feasible spacecraft attitude trajectories. The desired angular moment d is determined, as follows
given the desired attitude trajectory R d .
Consider that the matrixR = R d R ∈ SO(3) denotes the attitude error, and the vector˜ = − JR J −1 d ∈ R 3 denotes the angular momentum error. The control objective is to driveR to the 3 × 3 identity matrix and˜ to the 3 × 1 zero vector. The matrix trace operator defines an inner product in SO(3) [14] ; thus, the distance betweenR and the 3×3 identity matrix can be measured by the function U d (R) ∈ R, called the navigation function in [14] and the desired artificial potential energy in [12] , and defined as follows
with I the 3 × 3 identity matrix. In this paper, U d (R) is called the navigation function. Note that the total energy rate is a vector living in the three-dimensional space, while the navigation function lives in a one-dimensional space. As a consequence, the navigation function needs to be projected into the three-dimensional space to define a total energy rate setpoint that includes the distance between the attitude error and the identity matrix. The time derivative of the navigation function is found to be [12] 
Now, considering that˜ is in the tangent space of SO (3), and with a slight abuse of notation, the gradient of the navigation function is identified as
with () ∨ : so(3) → R 3 the inverse map of () ∧ . The gradient of the navigation function projects the matrix distance measurement on the three-dimensional space R 3 .
The desired total energy rate is defined as follows
as control gains. As a result, the total energy rate error is
Remark 4: At the desired equilibrium point, ∇RU d (R) = 0 and˜ = 0; thenH e = 0. In the following steps, it is proved thatH e = 0 implies ∇RU d (R) = 0 and˜ = 0.
The following equations describe the dynamic model (3) in terms of the error coordinatesR and˜ .
TECS method proposes the use of a proportional-integral (PI) action to drive the total energy rate errorH e to zero. In this paper, a feed-forward term, to cancel nonlinearities in the second equation of (9) complements the PI control law. The TECS controller plus the feed-forward term is given by
where
L † is the pseudo-inverse of the control input distribution matrix, and K i is the integral control gain. Without loss of generality, it is possible to assume that the control gain K PT is equal to I, provided that the total energy rate error,H e already has control gains. The spacecraft attitude dynamics (9) in closed-loop with the controller (10) expressed in error coordinates read aṡ
The first step to analyze the stability properties of the closedloop dynamics is to identify the closed-loop equilibrium points. The following algebraic equations describe the equilibrium points of the closed-loop dynamics
SinceR belongs to SO(3) it follows that det(R) = 1; as a result, from the first equation of (12),˜ = 0 3 , with 0 3 = [0 0 0] . Now, considering that˜ = 0 3 , the third equation of (12) implies that 0 3 = (R −R ) ∨ . Applying the inverse function of the map ∨, it follows that0 3 =R −R , this is,R =R , which holds for the identity elementR = I [1] . Therefore, R = I is one of four equilibrium points for the closed-loop dynamics, the other three correspond to attitude errors of π rad around each body frame axis. Finally, from the second equation of (12), it follows that
The equilibrium point can be specified as {R,˜ , η} = { I, 0, 0
The integral term η aims to compensate for the disturbance due to the gravitational effect at the equilibrium point. Note that for a regulation task, η will converge to the gradient of the potential energy U . In the case of trajectory tracking, η will not be able to accurately compensate for the gradient of the potential energy U as it becomes timevariant. However, as it will be shown, all trajectories remain uniformly bounded.
Remark 6: An analysis of the local structure of the closedloop system reveals that the equilibrium corresponding tõ R = I is stable, while the others are unstable. Thus, the following analysis will study the almost-global stability property of the stable equilibrium.
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The next identities are necessary for the upcoming developments [31] .
where the norm ||A|| F = trace(A A) denotes the Frobenius norm.
The following Proposition states the main result of this paper.
Proposition 1: Assume that the first and second time derivatives of R d are bounded. Consider the dynamic system (3) in closed-loop with the controller (10) with K PT = I. Assume that initial conditions belong to the following domain
Then, there exist positive definite matrices K p , K d , K i , such that the attitude and angular momentum errors 1 2 (R −R ) ∨ and˜ , respectively, are ultimately bounded.
Proof: Consider the following Lyapunov function candidate
which equals zero at equilibrium point {R,˜ ,η} = { I, 0, 0 }. Substituting the total energy rate (8) into (15), it is possible to show that 3 it is ensured that V is positive definite. The time derivative of the Lyapunov function along the trajectories of the closed-loop dynamics (11) reads asV
iĠ e ) where G = mg((R dR ) e 3 ) ∧ ρ 0 and G e = mg(R d e 3 ) ∧ ρ 0 , the latter is the gravitational torque at the equilibrium point.
After some straightforward computations, and using the identities in (13) one haṡ
where k g ∈ R is a positive constant such that
∨ , the upper bound on V can be written as followṡ
where G M ≥ |Ġ e (t)| is an upper bound for the first time derivative of the desired trajectory, and
The conditions to conclude ultimate boundedness, according to Theorem 4.18 in [28] , are fulfilled with an adequate selection of the control gains K p , K d , K i to make the matrix W z definite negative, while the ultimate bound is
This result is valid inside domain (14) since U d (R) = 2 corresponds to a rotation of 180 • according to definition (7), which is an unstable equilibrium point as pointed out in remark 6.
IV. REAL-TIME EXPERIMENTS
It is proposed to use an innovative platform that allows free rotation around the three-axis, to verify the controller performance. This platform emulates the satellite as an underwater vehicle and the space conditions by the neutral buoyancy condition. Fig 2 shows the underwater vehicle prototype. The underwater vehicle is designed using the dimensions of a 1-unit CubeSat standard; this is, a cube of ten centimeters by the side [32] . The cube must be closed hermetically and contain a digital signal processor (DSP), a set of sensors and actuators, a telemetry system, and a power unit. The DSP used is a TMS320F28335 from Texas Instruments [33] ; it has a 32-bit processor unit with a hardware floating-point unit. The DSP has enabled two serial communication ports (SCI) to handle serial communication to the AHRS and the WiFi telemetry system. The DSP is configured to handle up to four pulse width modulated signals (PWM). A three cell LiPo battery provides electrical power. The AHRS measures the attitude and the angular velocity of the cube at a 250 Hz rate. Four reaction wheels distributed in the NASA configuration standard compose the set of actuators, see Fig. 3 . Each inertia wheel has a control unit that commands the inertia wheel acceleration proportional to the received PWM signal. The inertia wheels design followed the methodology reported in [34] . Each inertia wheel has an 8.2 mNm control authority and 940 rad/s saturation speed. The internal mechanical structure of the prototype is made up using three-dimensional plastic printer technology. An acrylic cube houses the final prototype. The weight of the cube is 1.264 kg. The dimensions are 108 × 108 × 108 mm outside and 96 × 96 × 96 mm inside. Thus, the interior can hold almost any structure intended for CubeSat applications. The acrylic cube closes hermetically and dives in a water tank, as shown in Fig. 4 . The prototype must float underneath the water surface, in the middle of the water tank, to appropriately emulate space conditions. Because the inertia wheels are not able to generate a constant control authority, a second requirement is that the center of mass must coincide with the geometric center as possible to delay the inertia wheels saturation. Before performing experiments, it is necessary to do a manual calibration of neutral buoyancy and center of mass position adding surface counterweights. With the help of the computer-aided design (CAD) model, an approximation of the inertia matrix The NASA standard configuration of the inertia wheels has the advantage over the pyramidal configuration of occupying less volume [29] , so it fits better for CubeSat applications. The corresponding configuration matrix has the following pseudo-inverse
The desired attitude is defined in terms of Euler angles as follows  
The AHRS sends the attitude and angular velocity to the DSP using a 4 bytes float number format; therefore, it sends 34 bytes (including headers). Using an SCI connection at 115200 bit per second, the AHRS data transmission takes 2.36 milliseconds. The DSP reads the AHRS data in 6 microseconds. The DSP computes the control input (10) in 69 microseconds. The WiFi data link transmits the attitude, the angular velocity, the inertia wheel speed, and the computed control input (10) . As a result, the WiFI data link transmits 107 bytes.
Using a 115200 bit per second transmission speed; the telemetry data transmission consumes 7.43 milliseconds. During each sample time, the main tasks are: getting the AHRS data and computing the control algorithm. Telemetry data is not necessarily a task to perform in real-time. The time consumed by the main task, including a partial transmission of telemetry data, is 2.465 milliseconds; thus, the 4 millisecond sample time of the AHRS fixes the overall control system sampling rate. Finally, the complete telemetry information reaches the ground station every 20 milliseconds.
Following a trial and error procedure, after performing multiple real-time experiments, the selected controller gains are K p = 0.05I, K d = I and K i = 0.04I. After closing and balancing the prototype, it is left with an initial random attitude and then the experiment is initiated. A video of the experiment can be found at https://youtu.be/ToHwde9QQ0g. The initial attitude for the first experiment is The exponent, equal to 1, labels this first experiment. Fig. 5 shows the attitude tracking error, this is,
As can be observed, after a transient period of 6 seconds, both errors converge to a neighborhood of zero, as predicted by the Lyapunov theory. Fig. 6 shows the torque produced by the reaction wheels and the corresponding reaction wheel speed profile. It is important to remark that the wheels angular rates are below the saturation limit (940 rad/s). The controller is tested considering other random initial attitudes: the exponent labels the experiment number. Fig. 7 plots the attitude error for each experiment. All experiments show that the proposed controller solves the attitude trajectory tracking problem. In the second experiment, since the initial attitude is close to one of the unstable equilibrium points, the convergence rate is slow.
V. CONCLUSION
In this work, a nonlinear controller based on the Total Energy Control System method has been designed to solve the attitude trajectory tracking problem for rigid spacecraft. Under mild assumptions on the desired trajectory and disturbances due to the gravity gradient ultimate boundedness is concluded by the Lyapunov theory. Real-time experiments using a set-up that allows the spacecraft, mimicked by an underwater vehicle, to rotate unrestricted around the three axes illustrate the effectiveness of the proposed controller. Moreover, real-time experiments starting far away from the desired attitude, show the advantages of designing the controller on the attitude nonlinear configuration space. An option to automatically ensure that the geometric and the mass centers coincide is to use the moving mass control approach. A complete survey on moving mass control can be found in [35] . Another option is to use an actuator capable of generating a constant control moment, for instance, magnetic coils, one along each prototype axis [36] . In this case, the problem of control allocation must be addressed to ensure a coordinated operation since there are seven actuators to command three degrees of freedom [37] .
